ON A CONSTRUCTION OF THE BASIC SPIN 
REPRESENTATIONS OF SYMMETRIC GROUPS 



LUKAS A. MAAS 



Abstract. We present an inductive method for constructing the basic spin 
representations of the double covers of the symmetric groups over fields of any 
characteristic. 



Introduction 

Basic spin representations are the smallest faithful representations of the double 
covers of the symmetric groups. The ordinary basic spin representation X n was 
given explicitly by I. Schur [3], see p] Chapter 6] for a modern treatment. Let p be 
a prime. By a result of D. B. Wales [4], the p-modular reduction of X n is irreducible 
unless n is odd and divisible by p, in which case there exist exactly two distinct 
composition factors. We call these p-modular representations also basic spin. In 
this paper we describe a construction of the basic spin representations over splitting 
fields of any characteristic, that is, at most quadratic extensions of the prime field. 
The method of construction is inductive with respect to n. 

Let S n be the group generated by elements z, t\, . . . , i n _i subject to the relations 

* 2 =1, 

tf = z (1 < i < n - 1), 
{Ut l+l f = z (l<t<n-2), 
(t l t J ) 2 = z {l<i,j<n-l, |i-j|>l). 

Provided n > 4, it is well-known that S n is a double cover of the symmetric group 
S n , and the projection of S n onto S n may be defined by sending the generators ti to 
(i, £ S n - There is another double cover S n of S n which is non-isomorphic to S n 
for n 6, and S n can be described as generated by elements z, s\, . . . , s„_i subject 
to the relations z 2 — 1 = sf = (zsi) 2 (1 < i < n — 1), (siS i+ i) 3 = 1 (1 < i < n— 2), 
and SiSj = zsjSi (1 < i, j • < n — 1, \i — j\ > 1). If we consider representations 
over a splitting field of characteristic p = 2, then every representation of S n or S n 
contains the central element z in its kernel, and essentially, we deal with 2-modular 
representations of S n . If p ^ 2, then there is a bijective correspondence between 
faithful irreducible representations of S n and faithful irreducible representations 
of S n . Let to G K be a primitive fourth root of unity; then this correspondence 
can be realized through R \— > luR where R is a representation of S n and luR is a 
representation of S n defined by z h- > —id and Sj > w ■ tf for i = 1, . . . ,n— 1. Hence 
we may concentrate below on representations of S n . 

l 
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Basic Spin Representations 
We adopt the following degree notation from [2] : for n > 4 and p > let 

{2 k ~ 1 ifn = 2fc, 
2 k - 1 if n = 2fc + 1 and p | n, 
2 k if n = 2k + 1 and p { n. 

Let sgn be the representation of S n which is given by inflation of the sign represen- 
tation of S n . The associate representation of an ^-representation R is sgn (g) R. 

Theorem 1. Forn > 4, Zei X n = A+ be the basic (spin) representation of S n over 
C as defined in [3l §22] and let X~ = sgn ® , its associate representation. 

(1) X^ is an irreducible representation of S n of degree S(S n )- The representa- 
tions X£ and X~ are equivalent only for odd n. 

(2) For any prime number p, the modular reduction Xn = over a splitting 
field of characteristic p is irreducible unless p \ n and n is odd. In this case, 
X n has two distinct composition factors Y^ and Y~ of degree 6(S n ). 
Moreover, the associate representations Y+ and Y~ are non- equivalent ex- 
actly if n is even and p \ n, or n is odd and p \ n. 

(3) Let n > 4. Assume that T is an absolutely irreducible representation of S n , 
and let t € S n be an element of order 3 projecting to a Z-cycle in S n - If 
t T has a quadratic minimal polynomial, then T is equivalent to a basic spin 
representation of S n , or T is an ordinary 2-dimensional representation of 
S4 which contains z in its kernel. 

Proof. For {TJ, see §22 and §23.(VH)], or [H Theorems 6.2 and 6.8]; for © and 
(j3|) see [4] Theorems 7.7 and 8.1], respectively. The case n — 4 in ((3| is handled by 
direct inspection. □ 

For notational convenience, we identify a (matrix) representation R of S n of de- 
gree d over a field K with the sequence {tf, . . . € (GLd(K)) n ~ . By / we 
denote the identity matrix and by we denote the zero matrix, both of suitable 
degree over K; moreover, Z = z R ' = ±1. For a given matrix M over K and any 
integer /z, we write /jM instead of (/i • 1k)M. 

In the sense of Theorem Q] we refer to the absolutely irreducible representations 
X^ or Y^ as the basic spin representations of S n for n > 4. We call any com- 
position factor of a given representation of S n which is equivalent to a basic spin 
representation simply a basic spin composition factor. 

Definition 2. Let T = (Ti, . . . , T n _i) be a representation of S n over a field K. 
We say that T satisfies A if 

(A) (ZT t T t+1 ) 2 + ZT{F l+1 + I = forze{l,...,n-2}. 

Let n > 4 and T be an ^-representation over a field K. As zt{ti+x € S n has 
order 3 and projects to (i + 2, i + in S n , all elements ztiti+i (i = 1, . . . , n — 2) 
are conjugate in S n . Hence, if [AjT) holds for some i, it already holds for all 
i = 1, . . . , n — 2 and every representation equivalent to T satisfies [S] as well; in 
particular, if T is an ordinary representation and p is a prime, then its p-modular 
reduction satisfies[Al Let t :— zUti+i and assume that t T satisficslAl If char A' 7^ 3, 
this means that 1 is not an eigenvalue of t T . Let w be a primitive cube root of unity 
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in some extension field of TT; as t is conjugate to t 2 , we see that both, u and to 2 , 
are eigenvalues of t T . In particular, its minimal polynomial is x 2 + x + 1 G K[x\. 
If charTC = 3, then we shall suppose that z ^ kerT; thus the kernel of T is trivial 
and the minimal polynomial of t T is quadratic. 

Proposition 3. Let n > 4 and T = (Xi, . . . , T„_i) be a representation of S n over 
a splitting field K of characteristic p > 0. For n — 4 or p = 3 we shall assume that 
z (ji kerT. IfT satisfies lAl then all T -composition factors are basic spin. 

Proof. If T is reducible, then adapting a basis with respect to any bottom compo- 
sition factor T of T forces [5] to be true for both, T and the corresponding factor 
representation. By iteration and part ([3]) of Theorem [T] every composition factor 
of T is basic spin. □ 



Doubled Degree 



Definition 4. If T = (Ti, . . . , T„_ 2 ) is a basic spin representation of S n -i then 
define the sequence 6(T) = (T/, . . . , tJ_ x ) by 



-Ti 



(1 < i < n - 3), T, 



ra-2 



T 



n-2 



-I 
— T„_2 



T 



-7 



Lemma 5. Let T be a basic spin representation of S n -\ over a field K of charac- 
teristic p > 0. Then 6(T) is a basic spin representation of S n over K if either n is 
odd and p \ n, or n is even and p \ (n — 1). Otherwise, 6(T) has exactly two basic 
spin composition factors. 

Proof. Straightforward calculations show that S(T) satisfies the defining relations 
of S n . Thus 6(T) is a representation of S n of degree 2S(S n -i). As|2t6(T)) holds, 
the claim follows from Proposition [3] and Theorem [T] □ 



Stationary Degree 

We are left to deal with the cases where S(S n -i) — S(S n ), that is, either n is 
odd and divisible by p, or n is even and n — 1 is not divisible by p. Given a basic 
spin representation (Ti, . . . , T„_2) of S n -i, the basic approach is to find an clement 
T„_! such that the defining relations of S n and the condition [51 for i = n — 2 are 
satisfied by (T 1; . . . , T n _ 2 j Ti-i)- This yields the following equations 

(i) Tl_ x = -I. 

(ii) T n -\Ti + T{T n -\ = for alH = 1, . . . , n - 3; 
(hi) T„_iT n _ 2 + T n _ 2 T„_i = 7. 

Note that (T„_ 2 T n _!) 3 = Z and (T n ^ 2 T n ^) 2 + ZT n _ 2 T„_i +7 = imply dm}. 
Conversely, suppose that T n ^{r n ^ 2 + Ti^Ti-i = 7 and T^_ x = Z. We deduce 
(Tn^Tn^) 2 + ZT n - 2 T n -i + 7 - and hence (T n _ 2 T„_i) 3 = Z. Thus, if the 
equations (0)-(lm]) hold, then by Proposition [31 (2\, . . . , T„_ 2 , T„_i) is a basic spin 
representation of S n . 

Recall that for an integer and a matrix M defined over the field K we read 
fiM as (/i ■ lic)M. 
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Lemma 6. Let T = (Ti, . . . ,T n -2) be a representation of S n -i satisfying [A"l and 
consider J — Y^k=i kT k . Then the following equations hold: 

(1) J 2 = ^-(n-2) 2 + X>^/; 

(2) JT. t + TiJ = for alii = 1,..., n- 3; 

(3) JT n - 2 +T n - 2 J= (l-n)J. 

Proof. Using the relation (TjT i+ i) 3 = Z and [A] we get T.+iT, + T^+i = 7 for all 
i = 1, . . . , n — 3; moreover, we have T^Ti + T{F k = for all i, k with |i — k\ > 1. 
Now we compute 

n — 2 n — 3 



J 2 = £ k 2 T* + J2 k (k + l){T k T k+1 + T k+1 T k ) 
k =i fe=i 

/ n-2 n-3 \ / ri-3 \ 

= -E fc2 + E^ + l)U= -(n-2) 2 + ^fc 7, 



\ fe=i fc=i / \ fc=i / 

and similarly, for i = 1, . . . ,n — 3, 

JT- + P, J = 2i7f + (i - ^(T^Ti + T t T t ^) + (t + l)^ iTJ + PP+i) = 0, 

and JP„_ 2 + T n _ 2 J = -2(n - 2)/ + (n - 3)/ = (1 - n)I. □ 

Case I. If n is divisible by p, then we may extend our given representation of S n -i 
to a representation of S n as follows: 

Lemma 7. Let T = (Ti, . . . , T n _2) fre a 6asic spin representation of S n —i over a 
field K of characteristic p . If p \ n, then the equations (p} and (fm| are satisfied 
by 

!J ifp>2 1 n-2 

J ifp = 2, n = mod 4 I w/iere J = ^ 

J + 7 i/p = 2, n = 2 mod4 J fe=i 

In particular, (Ti, . . . , T n _2, T„_i) is a frasic spin representation of S n over K. 

Proof. By part © of Lemma J 2 = f-(ra - 2) 2 + YX=l k ) I - If n is odd ' or 11 
is even and p =/= 2, then from p \ n we deduce p > 3 and verify ([!]) easily. If p = 2 
and n = mod 4, then fc = 1; if P = 2 and n = 2 mod 4, then P 2 _ : = J 2 + 7 

and X)fe=i ^ = 0- Hence Q holds also for p = 2. The conditions jn| and (jmf follow 
directly from ([2|) and ([3]) of Lemma El respectively. □ 

Definition 8. We denote the construction described in Lemma[7]by 6i. 

Remark 9. Let T — (Ti, . . . , T n _2) be a basic spin representation of S n -i for 
some odd n > 7 over a field K of characteristic p such that p | n. Consider the 
ii'S'H-module V corresponding to 6 (T) , and let 



M = 



Mi M 2 
M 3 Mi 



eEnd K§ (V) 



ON A CONSTRUCTION OF THE BASIC SPIN REPRESENTATIONS 



5 



where M\ , M2 , M3 and M4 are block matrices of equal size over K. From MT} = 
T}M for all i = 

(iv) 

(v) 



. . , n — 1 we instantly get Mi = M 4 and M 2 = — M 3 , as well as 

MiT t = TiMi for alU = 1, . . . , n - 3; 
A/iT„_ 2 =T n - 2 Mi +M 2 . 



Since <5(5„_i) = 5(5 n _2), w e see that (Ti, . . . , T„_3) is already a basic spin repre- 
sentation of SVi-2- Hence, by (|Iv| and Schur's Lemma, Mi is scalar; thus jvj) yields 
A/2 = 0. This shows End^ (V) = K, so V is indecomposable. 

Case II. Now suppose that n = 2(k + 1) and p \ n(n — l)(n — 2), so S(S n ) = 
S(Sn-i)- As our approach is inductive, we may assume that we are given a basic 
spin representation T of S n -i which itself has been constructed from a basic spin 
representation S of S n -2, that is, T = & (S). 

Lemma 10. Provided n > 6 is even, let T = (Ti, . . . ,T„_3) be a basic spin repre- 
sentation of SV1-2 over a field K of characteristic p > such thatp\ n(n— l)(n— 2). 
Then 

~-aJ (0-1)1 
01 aJ 



where 



J 



n— 3 

E 

fc=i 



fcT fc , a = (re - l)" 1 ± y/-n(n - 2)-^ and = (n - 2)c 



extends &(T) to a basic spin representation of S n over K(a). 



Proof. We have to verify the relations Q, (|TTJ) and (pS)l . The calculations depend 
on LemmaEl From El Q we get J 2 = -l/2(n - 3)(n - 2)7 and hence T^_ a = -7 
as a 2 J 2 + (0 2 - + 1)1 = 0. FromEl© andm© wc have JT t + T t J = for all 
i = 1, ... ,71 — 4 and JT ra _3 + T n _3 J = — (n — 2)7, respectively, thus we deduce 



T„-iT, 



t/t„. 



-1 = for i = 1, 



- 3 and T„_iT'_ 2 



□ 



Case III. Let 71 = 2k + 2 such that p | (71 — 2) and p { n, and suppose that we 
are given a basic spin representation T = (Ti,... ,T n _ 3 ) of S^„_2 over a field if 
of characteristic p > 2. In this situation the approach of Lemma |TD] fails since 
the matrix J squares to zero. But as in Case II where T„_i is subdivided into 
four blocks of equal size, we again divide the upper left corner into blocks. Since 
8(Sn-2) — $(Sn-a) — 2 k l an d P \ (n — 3), we may suppose that T has been 
constructed by means of ©1, thus T„_3 = Y^k=i kTk. Furthermore, we may also 
assume that the representation (Ti, . . . ,T„_4) of SV1-3 has been constructed by 6 
from a basic spin representation of S , n _4. 

Lemma 11. Let n > 8 be even. IfT— (Ti, . . . , T„_s) is a basic spin representation 
of S f „_4 over a field K of characteristic p > 3 such that p | (n — 2), define 



T n -i 



J 



where J = ±\ 



-1 



21 



21 

-m— 5 



En-a 1 rin 
fc=l /Cj fe 



T/ie matrix T„_i extends the basic spin representation 6 &i&(T) of S n —i 
The field of definition is K(yf—T). 



to S n . 
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Proof. Let Jo = YZZl kT k ; by©©, J 2 = (-(n - 5) 2 + £Li = -37 as n - 2 
is divisible by p, and thus T^_ 1 = —I, so (P holds. For the sake of clarity, we 
summarize the representations at hand: 



• S n -3 



&(T) = (Tl...X 



n-3' ± n-2)- 



6i 6(T) = (Tl, T„ T _ 4; T n _ 3 ) with T„_ 3 = *T fc T , 
6 6i6(T) = (T 1 n ,..,T n t l 4) T, t ^' 
For (JTTJ) , we need to show that 

Tn^Tp +TpT n ^ =0 fori=l,. 
The left hand sides are 



4 and T n _ x Tl_ 3 + T n T _ 3 T„_! = 



J -7 

-J 



i rvr 



and 



J 



-T' 



2n-3 



-I 

—Tn-3 



-T 



J 



-I 
-J 



JT 



tJj 



JT + T J 



T 



n — 3 



-I 

-T n -3 





J -I' 




X 




-J 




X 



with X = JT n ^ 3 + T n - 3 J. By jlj and (3]) of Lemma J T + TJ Q = for 



6, and J T n _5 + T„_5 J = (4 — n) = 27, respectively. Thus 



JT,. 1 



T T J 





"Jo 


2/ " 




T, 








21 


-J _ 








+ 




-t„ t _ 5 j 








"Jo 


2/ " 




T 

± n- 


-5 


-I 




2/ 


-J _ 








T n -i 


^„ T _ 4 H 


" T n _ 4 j — 


"Jo 

21 


21 ' 

-Jo 



T 



-Ti 



Jo 

21 



21 

-Jo 



(1 <i <n-6), 



7 



-7 



-7 




Jo 


27 " 


—T n -b 




21 


-Jo 


I 




'Jo 


27 " 


-I 




21 


-Jo 



= 0, and 



n-4 

= E fe 

fc=i 



T fe T J- 



JT^ ) = 0. 



JT n -3 + r n _3^ 

It remains to verify (jiri)) which is checked easily. 



□ 



Remark 12. Let n > 6 be even and assume that 7? is a basic spin representation 
of S n -2- In Lemma [TU1 we have given two different matrices T^_ x and T~_^ which 
extend T — 6(7?) — (7\, . . . , T„_2) to basic spin representations T + and T~ of 
S n , respectively. Then T + and T~ are non-equivalent as any transformation ma- 
trix has to commute with Ti for i — 1, ... , n — 2, and hence is scalar by Schur's 
Lemma. Moreover, if V denotes the module afforded by S(T), then [7 — T^flJ 
and [7 —T~_A are bases of the submodules of V corresponding to T + and T~ , 
respectively; in particular, V is decomposable. A similar remark applies to the 
construction of Lemma QT] 

Finally, it remains to give a basic spin representation for 15*4. But we can simply 
start with a suitable representation T of S2 and then apply the construction. Wc 
refer to the constructions of Lemma [TU] and Lemma fTTI as 6n and Sin, respectively. 
For example, 
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• over GF(2) we get &(T) = 
&i6(T) = 





"1 


1" 






f 




( 




1 


) 


1 




) 


1 


1 






1 




1 




1 


1 


1 









for S3, so 



1 



is a basic spin representation of S4. 
• over GF(9) with primitive element £, the construction 61 yields ( [C 2 ] , [C 2 ] ) 
as a representation of S3; hence 



6 6i(T) = 



is a basic spin representation of S4. 
• over GF(p 2 ) for p > 3 with primitive element £ and w = ^ p _1 )/ 4 7 





rc 2 




r C 2 C 4- 




r 




( 


c 6 . 




c 6 . 




c 4 


) 



Sn(T) = 



1 



-aw 2a — 1 
2a auj 



with a = 3 1 (1 + lu\/2) € GF(p 2 ), a basic spin representation of £4. 

Corollary 13. Let n > 4. For K = C. GF(2), or GF(p 2 ) urat/i p > 3, iterative use 
of the constructions &, &\, &u, or 6m, as described in Tabled provides a basic 
spin representation of S n over K. 



Table 1. Basic Spin Constructions over K 



K 






n odd 


n even 


C 






6 


6n 


GF(2) 






6 


61 


GF(p 2 ) 


p \ n(n 


-l)(n-2) 


S 


6„ 


(P>3) 


p | n 




61 


61 




p\(n- 


1) 


6 


6 




p\(n- 


2) 


6 


©in 
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